Duality and Representations for New Exotic 

Bialgebras 



D. Arnaudon"' 1 , A. Chakrabarti 6 ' 2 , 
V.K. Dobrev c ' d ' 3 and S.G. Mihov c < 4 

a Laboratoire d'Annecy-le-Vieux de Physique Theorique LAPTH 
CNRS, UMR 5108, associee a I'Universite de Savoie 
LAPTH, BP 110, F-74941 Annecy-le-Vieux Cedex, France 

b Centre de Physique Theorique, CNRS UMR 7644 
Ecole Polytechnique, 91128 Palaiseau Cedex, France. 

c Institute of Nuclear Research and Nuclear Energy 
Bulgarian Academy of Sciences 
72 Tsarigradsko Chaussee, 1784 Sofia, Bulgaria 

d The Abdus Salam International Center for Theoretical Physics 
Strada Costiera 11, P.O. Box 586 
34100 Trieste, Italy 



Abstract 

We find the exotic matrix bialgebras which correspond to the two non- 
triangular nonsingular 4x4 i?-matrices in the classification of Hietarinta, 
namely, Rso,3 and Rsi,a- We find two new exotic bialgebras 503 and 
514 which are not deformations of the of the classical algebras of functions 
on GL(2) or GL(1\1). With this we finalize the classification of the matrix 
bialgebras which unital associative algebras generated by four elements. We 
also find the corresponding dual bialgebras of these new exotic bialgebras and 
study their representation theory in detail. We also discuss in detail a special 
case of -Rsi,4 in which the corresponding algebra turns out to be a special case 
of the two-parameter quantum group deformation GL pq {2). 
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1 Introduction 



Until now there was no complete list of the matrix bialgebras which are unital asso- 
ciative algebras generated by four elements. Naturally, since the co-product relations 
are the classical ones we first mention the two related to GL(2), namely, the standard 
GL pq (2) [1] and nonstandard (Jordanian) GL g h(2) [2] two-parameter deformations. 
For the supergroup GL(1\1) there are also two: the standard GL pq (l\l) [3-5] and the 
hybrid (standard-nonstandard) GL q h(l\l) [6] two-parameter deformations. Recently, 
in [7] it was shown that there are no more deformations of GL{2) or GL(1|1). In 
particular, it was shown that these four deformations match the distinct triangular 
4x4 i?-matrices from the classification of [8] which are deformations of the trivial 
i?-matrix (corresponding to undeformed GL(2)). 

Naturally, there are matrix bialgebras generated by four elements, which are not 
deformations of the classical algebra of functions over the group GL(2) or the super- 
group GL(1\1). Those should correspond to 4 x 4 R- matrices which are not deforma- 
tions of the trivial i?-matrix. Studying the classification of [8] we noticed altogether 
five nonsingular such i?-matrices. The triangular ones were introduced in [7] and 
their duals were found and studied in detail in [9]. In the latter paper we called these 
bialgebras exotic. 

In the present paper we finalize the explicit classification of the matrix bialge- 
bras generated by four elements, by studying those that correspond to the two non- 
triangular nonsingular 4x4 i?-matrices of [8], namely, Rso,3 and Rsi,4 which also 
are not deformations of the trivial i?-matrix. 

The paper is organized as follows. Section 2 just introduces general notation. In 
Section 3 we study the matrix bialgebra S03 which corresponds to R,so,3 ■ We find 
the dual bialgebra s03 and study the representation theory of s03 in detail. In 
Sections 4 and 5 we study the matrix bialgebras S14 and 5*140 which correspond 
to Rsi,a for two distinctive regions of the deformation parameter q : q 2 ^ 1 and 
q 2 — 1, respectively. In both cases we find the corresponding dual bialgebras and 
their representation theory. In Section 6 we present our conclusions and outlook. 



In this paper we consider matrix bialgebras which are unital associative algebras 
generated by four elements a, b, c, d. The co-product and co-unit relations are the 
classical ones: 



2 Generalities 




(2.1b) 



(2.1a) 
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However, the bialgebras under consideration are not Hopf algebras, except one. This 
shall be discussed separately in each case. 

It shall be convenient to make the following change of generators: 

a = l(a + d), d = \{a-d), b = \(b + c), c = \{b-c). (2.2) 

With the new generators we have: 

a b\ ( a®a+b®b—c®c+d®d a®b+b®a—c®d+d®c 



c dj \ a £g> c + c<g> a — b (g> d + d (g) b a® d + d<g> a — b £g> c + c®b 

d b \ ( 1 



c d 







2.3) 



3 Algebra 503 

3.1 Bialgebra relations 

In this Section we consider the matrix bialgebra .S03. We obtain it by applying the 
RTT relations of [10]: 

RTi T 2 = T 2 Ti R , (3.1) 
where T x = T <g> 1 2 , T 2 = 1 2 <8> T, for the case when R = Rso,3 , where: 



Rso,3 = 



( 1 1 \ 

110 

1-10 

\ -1 1 / 



(3.2) 



This R- matrix is given in [8]. 

The relations which follow from (3.1) and (3.2) are: 



b 2 + c 2 = , 


a 2 - 


d 2 = , 


(3.3) 


cd = ba , 


cfc = 


— ab , 




bd = ca , 


db = 


— ac , 




da = ad , 


cb = 


—6c . 




a, b, c, d we 


have: 






6 2 = c 2 = , 


ad = 


o?a = , 


(3.4) 


ab = , 


bd = 


o, 




= , 


ca = 


. 
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In view of the above relations we conclude that this bialgebra has no PBW basis. 
Indeed, the ordering following from (3.4) is cyclic: 



a>c>d>b>a (3.5) 

Thus, the basis consists of building blocks like d k cd e b and cyclic. Explicitly the 
basis can be described by the following monomials: 

d kl cd £l b ■■■ d k "cd e "bd kn+1 , n,A; i ,£ i GZ + (3.6a) 

d h bd kl c--- d in b d kn , n , hi , h G Z+ (3.6b) 

d kl c d £l b ■ ■ ■ d kn cd £n , n , h , £ t G Z+ (3.6c) 

d £l bd kl 5--- d £ " b d K ~c d in+1 , n,ki,£i G Z + (3.6d) 

We shall call the elements of the basis 'words'. The one- letter words are the 
generators d,b,c,d; they are obtained from (3.6a), (3.6b), (3.6c), (3.6d), resp., for 
n — 0, ki — 1, n — 1, ki — £± — 0, n — 1, k± — £± — 0, n = 0, £\ — 1, resp. The unit 
element 1^ is obtained from (3.6b) or (3.6c) for n — 0. 



3.2 Dual algebra 

Two bialgebras U, A are said to be in duality [11] if there exists a doubly nondegen- 
erate bilinear form 

(,) : U x A — >C, (,) : (u, a) i-> («, a) , iiGW, aGi (3.7) 

such that, for u,v &U ,a,b E A : 

( u , ab ) = ( 5u(u) , a <S> b ) , ( uv , a ) = ( u<g>v , 5^(a) ) (3.8a) 
(l M ,a) = £^(a) , (u,l A ) = e u {u) (3.8b) 

Two Hopf algebras U,A are said to be in duality [11] if they are in duality as 
bialgebras and if 

(lu{u),a) = (u,<y A (a)) (3.9) 

It is enough to define the pairing (3.7) between the generating elements of the 
two algebras. The pairing between any other elements of U, A follows then from 
relations (3.8) and the standard bilinear form inherited by the tensor product. 

The duality between two bialgebras or Hopf algebras may be used also to obtain 
the unknown dual of a known algebra. For that it is enough to give the pairing between 
the generating elements of the unknown algebra with arbitrary elements of the basis 
of the known algebra. Using these initial pairings and the duality properties one 
may find the unknown algebra. One such possibility is given in [10]. However, their 
approach is not universal. In particular, it is not enough for the algebras considered 
here, (as will become clear) and will be used only as consistency check. 
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Another approach was initiated by Sudbery [12]. He obtained U q (sl(2))<S>U(u(l)) 
as the algebra of tangent vectors at the identity of GL q (2). The initial pairings 
were defined through the tangent vectors at the identity. However, such calculations 
become very difficult for more complicated algebras. Thus, in [13] a generalization 
was proposed in which the initial pairings are postulated to be equal to the classical 
undeformed results. This generalized method was applied in [13] to the standard 
two-parameter deformation GL p>q (2), (where also Sudbery's method was used), then 
in [14] to the multiparameter deformation of GL(n), in [15] to the matrix quantum 
Lorentz group of [16], in [17] to the Jordanian two-parameter deformation GL g ^{2), 
in [6] to the hybrid two-parameter deformation of the superalgebra GL ?; /j(l|l), in [18] 
to the multiparameter deformation of the superalgebra GL(m\n), in [9] to the firstly 
discussed three exotic bialgebras. (We note that the dual of GL P:q (2) was obtained 
also in [19] by methods of g-differential calculus.) 

Let us denote by s03 the unknown yet dual algebra of 503, and by A, B, C, D 
the four generators of s03. Like in [13] we define the pairing (Z, /), Z = A, B, C, D, 
f is from (3.6), as the classical tangent vector at the identity: 




(3.10) 



where (Z, y) 



(A, a), (B,b), (C,c), (D,d) . Explicitly, we get: 




for / = a k c 
otherwise 



otherwise 



for / = a k 



otherwise 




for / = d 
otherwise 



(3.11d) 



(3.11b) 



(3.11a) 



(3.11c) 



Using the above we obtain: 
Proposition 1: The generators A,B,C,D introduced above obey the following 
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relations: 



[A,Z] = 0, Z = B,C, (3.12a) 

AD = DA = D 3 = B 2 D = DB 2 = D, (3.12b) 

[B,6\ = -2D, (3.12c) 

DB = —BD = CD 2 = D 2 C , (3.12d) 

{C,D} = 0, (3.12e) 

B 2 + C 2 = 0, (3.12f) 

5 3 = B , (3.12g) 

C7 3 = -C , (3.12h) 

5 2 i = i. (3.12i) 



<5 w (i) = i®l w + l w ®i (3.13a) 

= B®l u + (lu- B 2 )®B (3.13b) 

6 W ((7) = C B 2 ) + l u ®C (3.13c) 

5 W (L>) = b®{l u -B 2 ) + {l u -B 2 )®b (3.13d) 

e M (Z) = 0, Z = A,B,C,D . (3.13e) 



A, _B 2 = — £7 2 and Z) 2 are Casimir operators. The bialgebra s03 is not a Hopf 
algebra. 

Proof: Using the assumed duality the algebraic relations (3.12) are shown by calcu- 
lating their pairings with the basis monomials / from (3.6). In particular, we have 
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(giving only the nonzero pairings): 

AB,f) = (BA,f)=k + l, for / = ba k (3.14a) 



AC , f ) = { CA , f } = k + 1 , for / = ~a k ~c (3.14b) 
AD, f) = (M, f) = (D\ f) = ( B 2 D , f } = ( DB 2 , f 

BC , f) = (CB , f) = (D , / } = 1, for f = d (3.14c) 

BC , / } = ( CB , / ) = 1 , for / = b~a k c (3.14d) 
DB, f) = -(ZD, f) = (CD 2 , / } = 

D 2 C , f } = 1 , for / = c (3.14e) 

£C , / } = - ( CD , f ) = 1 , for / = b (3.14f) 

B 2 ,/) = -( C 2 , f) = 1 , for / = ~a h (3.14g) 

5 3 , / ) = ( B , f } = 1 , for / = b~a k (3.14h) 

-C 3 , f ) = ( C , f } = 1 , for / = ~a k c (3.14i) 

B 2 A, f) = ( A, f) = k , for / = a k (3.14j) 



For the proof of (3.14h,j) is used (3.14g). The facts that A, B 2 = -C 2 and D 2 
are Casimir operators follow easily from (3.12) having in mind also (3.14g,j) and that 
{D 2 , a) — 1 is the only nonzero pairing of D 2 . For the proof of (3.13a-d) we use the 
duality property (3.8a) 

(Z , hf 2 ) = ( S U (Z) , h®f 2 ) 

for every generator Z of s03 and for every / 1; f 2 G 503, then we calculate separately 
the LHS and RHS and compare the results. We also use that 

B 2 Z = Z, for Z = A,B,C,D (3.15) 

- this is contained in (3.12) except for Z = C for which we use that (B 2 C, a k c) = 1 is 
the only nonzero pairing of B 2 C. Formulae (3. 13e) follow from Eu(Z) = (Z,1a)i 
cf. (3.8b), and the defining relations (3.11). To show that s03 is not a Hopf algebra 
we suppose that it is, i.e., there should exist an antipode 7. Then then we use one of 
the Hopf algebra axioms: 

mo (id® 7)0 5 = ioe (3.16) 

as maps s03 — > s03, where m maps to the usual product in the algebra: m(Y ~®Z) = 
YZ , Y,Z e s03 and i is the natural embedding of the number field C into s03 : 
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i(fj) = filu , /i G C. Applying this to the generator B we would get: 

B + (l u - 5 2 ) 7 (S) = 

which is a contradiction, since 1^ — 5 2 is zero when multiplied by anything except by 
lu, and in the latter case the product is not equal to —B. From this we see that 7 
can not be defined on C and D since their coproducts involve B. The antipode may 
be introduced only if we restrict to the subalgebra generated by A, but the bialgebra 
s03 whole is not a Hopf algebra. 6 

Corollary 1: The algebra generated by the generator A is a sub-bialgebra of s03. 
The algebra s03' generated by the generators B,C,b is a nine-dimensional sub- 
bialgebra of s03 with PBW basis: 

l u , B, C, D, BC, BD, DC, B 2 , D 2 (3.17) 

Proof: The statement follows immediately from relations (3.12,3.13). We comment 
only the PBW basis of the subalgebra s03'. Indeed, a priori it has a PBW basis: 

B k D e C m , k,£ < 2, m < 1 (3.18) 

the restrictions following from (3.12b,f,g). Furthermore it is easy to see that there 
are no cubic (and consequently higher order) elements of the basis. For some of the 
cubic elements this is clear from (3.12). For the rest we have: 

BDC = -D 2 C 2 = D 2 B 2 = D 2 (3.19a) 
B 2 C = -C 3 = C (3.19b) 
BD 2 = -CD 3 = DC (3.19c) 

also using (3.12). Thus, the basis is given by (3.17) the algebra is indeed nine- 
dimensional. 4t 

Remark 1: The algebra s03 is not the direct sum of the two subalgebras described in 
the preceding Corollary since both subalgebras have nontrivial action on each other, 
e.g., B 2 A = A, AD = D. The algebra s03 is a nine-dimensional associative 
algebra over the central algebra generated by A. 4k 

3.3 Regular representation 

We start with the study of the left regular representation (LRR) of the subalgebra 
s03'. For this we need the left multiplication table: 





1 


B 


C 


B 2 


BC 




B 


B 


B 2 


BC 


B 


c 




C 


C 


BC + 2D 


-B 2 


C 


-B + 2DC 




b 


b 


-BD 


DC 


b 


—b 2 
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D 


D 2 


BD 


DC 


B 




BD 


DC 


D 


D 2 


C 




-DC 


—BD 


D 2 


b 


D 




D 2 


b 


—DC 


—BD 



The LRR hence contains the subrepresentation generated as a vector space by 
{b, b 2 , Bb, bC}, which decomposes into two two-dimensional irreps 



J o 



D + D 



BD + DC 



C 



D 



-v\ 



and 



o 



BD - DC 



D-D' 



C 



-v; 



D 



-v 2 



(3.20) 
(3.21) 

(3.22) 
(3.23) 



These two irreps are isomorphic by the map (vq, v\) — > (vq, v\). On both of them the 
Casimirs B 2 ,b 2 take the value 1. (Also the Casimir A of s03 has the value 1.) 

The LRR contains also the trivial one-dimensional representation generated by 
the vector v = B 2 — l u . On this vector all Casimirs and moreover all generators 
of s03 take the value 0. 

The quotient of the LRR by the above three sub-modules has the following mul- 
tiplication table: 





i 


B 


C 


BC 


B 


B 


B 2 


BC 


C 


C 


C 


BC 


-B 2 


-B 


b 















Thus the quotient decomposes into a direct sum of four one-dimensional representa- 
tions, generated as vector spaces by 

v tte ' = B + elu — iee'C — ie BC , e, e' — ± 

On the latter vectors we have the following action: 



Bv e ^i = ev f 



Dv e , = . 



(3.24) 
(3.25) 



Obviously, on all of them the Casimirs B 2 ,b 2 take the values 1,0, respectively. 
However, these four representations are not isomorphic to each other. 

To summarize, there are seven irreps of s03' which are obtained from the LRR: 
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• one-dimensional trivial (all generators act by zero) 

• two-dimensional with both Casimirs B 2 ,D 2 having value 1. 

• four one-dimensional with Casimir values 1,0 for B 2 , D 2 , respectively. 

Turning to the algebra s03 we note that it inherits the representation structure 
of its subalgebra s03'. On the representations (3.20,3.22) the Casimir A has the 
value 1, while on the trivial irrep generated by v = B 2 — l u the Casimir A has 
the value 0. However, on the one-dimensional irreps generated by (3.24) the Casimir 
A has no fixed value. Thus, the list of the irreps of s03 arising from the LRR is: 

• one-dimensional trivial 

• two-dimensional with all Casimirs A,B 2 ,D 2 having value 1. 

• four one-dimensional with Casimir values /i, 1,0 for A, B 2 , D 2 , respectively, 
/i e C. 

Finally, we note that we could have studied also the right regular representation 
of s03. The list of irreps would be the same as the one obtained above. 

3.4 Weight representations 

Here we consider weight representations. These are representations which are built 
from the action of the algebra on a weight vector with respect to one of the generators. 
We start with a weight vector v Q such that: 

Dv = A f o (3.26) 

where A G C is the weight. As we shall see the cases A ^ and A = are very 
different. 

We start with A ^ 0. In that case from from D 3 = D follows that A 2 = 1, 
while from B 2 D = D follows that B 2 Vq = v o . Further, from (3.12d) follows 
that C v o = —A B vq . Thus, acting with the elements of s03 on v o we obtain a 
two-dimensional representation, e.g.: 

v , Bv , (3.27) 

(and we could have chosen v , C v as its basis). This representation is irreducible. 
The action is given as follows: 







Bv 


B 


Bv 


vo 


C 


-XBv 


Xv 


D 


Xv 


-XBvq 
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Both Casimirs B 2 ,D 2 take the value 1. 

Let now A = 0. In this case acting with the elements of s03 on vq we obtain a 
five-dimensional representation: 

v ,Bv ,Cv ,BCv ,B 2 v . (3.28) 

This representation is reducible. It has a one-dimensional subrepresentation spanned 
by the vector w = Wq = (B 2 — lu) v o • This is the trivial representation 
since all generators act by zero on it. After we factor out this representation the 
factor-representation splits into four one-dimensional representations spanned by the 
following vectors w e>e i = v ej€ 'V , where v e ^ are from (3.24) and the action of the 
generators is as given in (3.25). Thus, these irreps are as those obtained from the 
LRR. 

To summarize, there are six irreps of s03' which are obtained as weight irreps of 
the generator D : 

• one-dimensional trivial 

• one two-dimensional with both Casimirs B 2 , D 2 having value 1. 

• four one- dimensional with Casimir values 1, for B 2 , D 2 , respectively. 

Turning to the algebra s03 we note that it inherits the representation structure 
of its subalgebra s03', however, the value of the Casimir A is not fixed except on 
the trivial irrep. Thus, the list of the irreps of s03 which are obtained as weight 
irreps of the generator D is: 

• one-dimensional trivial 

• one two-dimensional with Casimir values //, 1, 1 for A, B 2 , D 2 , respectively, 
fieC. 

• four one-dimensional with Casimir values /i, 1,0 for A, B 2 , D 2 , respectively, 
fieC. 

Finally, we note that it is not possible to construct weight representations w.r.t. 
generator B (or C). 



3.5 Representations of s03 on S03 

Here we shall study the representations of s03 obtained by the use of its right regular 
action (RRA) on the dual bialgebra 503. The RRA is defined as follows: 

n R (Z)f = (Z, / (2) > , Z E s03 , Z + lu , f G S03 , (3.29a) 
7r fl (l w )/ ee / , / G S03 , (3.29b) 
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where we use Sweedler's notation for the co-product: 5(f) = /(i) <8> /(2) . (Note 
that we can not use the left regular action since that would be given by the formula: 
7Tl(Z)/ = (ju{Z), f{\)) /(2) and we do not have an antipode.) More explicitly, for 
the generators of s03 we have: 

7Tfl(i)(* ^) = C ~] (3.30a) 

(° b ~) = ( ~ : ) (3.30b) 

MCO Q j ) = ( ^ "i ) (3.30c) 

j)= ("; J ) (3-30(1) 



a b 




c ~d / 


) 


b a 




d c 


) 




d \ 


a 


-b) 


' d 




-b 


a J 



K c d 

n R (Z)l A = 1 A (Z,1 A ) = l A e u (Z) = 0, Z = A,B,C,D (3.30e) 

For the action on the elements (words) of S03 we use a Corollary of (3.29): 

7T R (Z)fg = 7T R (5 u (Z))(f ® g) (3.31) 

where f,g are arbitrary words from (3.6). Further we shall need the notion of the 
'length' £(f ) of the word /. It is defined naturally as the number of the letters of /; 
in addition we set £{1 A ) = 0. Now we obtain from (3.31): 

n R (A)f = 1(f) f (3.32a) 

n R (B)f.g = (n R (B)f).g (3.32b) 

MC)f-g = f-MC)g) (3.32c) 

n R (D)f = 0, if €(/) > 1 (3.32d) 

From (3.32b,c) it is obvious that the only nonzero action of B, C actually is: 

§ = f ■ {~i -h) < 3 - 33b » 

From (3.32a) it is obvious that we can classify the irreps by the value /ia of the 
Casimir A which runs over the nonnegative integers. For fixed /i A the basis of the 
corresponding representations is spanned by the words / such that £(f) = ji A ■ 
Thus, we have: 

• Ha = 

This is the one-dimensional trivial representation spanned by the unit element 
1 A on which all generators of s03 have zero action. 
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• = 1 

This representation is four- dimensional spanned by the four generators a, b, c, d of 
5*03. It is reducible and decomposes in two two-dimensional irreps with basis 
vectors: 

b + c = b , (3.34a) 

d-d = d . (3.34b) 
The RRA of B,C,D on these vectors is as (3.21,3.23) : 

^cs-ra- -^(s-ra 

(3.35) 

These two irreps are isomorphic by the map (i>o,i>i) — ¥ { v o-> v i)- On both of 
them the Casimirs B 2 ,D 2 take the value I. 

• A* a = 2 

This representation is eight-dimensional spanned by a 2 , ac, 6a, 6c, c6, cd, d 2 , db. 
It is reducible and decomposes in eight one-dimensional irreps with basis vectors: 

v\ € , = (a + eb) (a + ie'c) (3.36a) 
vl e , = (d + ec)(d + ie'b) (3.36b) 
e,e' = ± 

The RRA of B, C, D on these vectors is as (3.25) : 

7r R (B)v^, = ev^, , tt r (C)v^, = le'vl, , n R (D)v* e , = . (3.37) 

The irrep with vector v\ e , is isomorphic to the irrep with vector v 2 e , . Thus, 
there are only four distinct irreps parametrized by e, e'. On all of them the 
Casimirs B 2 ,D 2 take the value 1,0, respectively. 

• Ha = N > 2 

These representations are reducible and decompose in one-dimensional irreps 
with basis vectors: 





= (a + eb) • fi • (a + ie'c) 


(3.38a) 




= (d+ec)- f 2 -(d + ie'~b) 


(3.38b) 




= (d + eb) -h- (d + ie'b) 


(3.38c) 


<: 


— (d + ec) • fi • (a + ie'c) 


(3.38d) 


e, e' 


= ± , £(fk) =N-2 





and 



a + d 
b-c 
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The RRA of B,C,D on these vectors is as exactly as (3.25). The irrep with 
vector v * , is isomorphic to the irrep with vector v™ e , . Thus, there are only four 
distinct irreps as in the case above. On all of them the Casimirs B 2 , D 2 take 
the value 1,0, respectively. 

To summarize the list of irreps of s03' is the same as given in subsection 3.3. The 
list of irreps of s03 here is smaller since the Casimir A can take only nonnegative 
integer values. Thus, the list of the irreps of s03 using the dual bialgebra S03 as 
carrier space is: 

• one-dimensional trivial 

• two-dimensional with all Casimirs A,B 2 ,D 2 having value 1. 

• four one-dimensional with Casimir values /i, 1, for A, B 2 , D 2 , respectively, 

n e N + l. 

The difference in the two lists is natural since here more structure (the co-product) 
is involved. Speaking more loosely the irreps here may be looked upon as 'integrals' 
of the irreps obtained in subsection 3.3. 



4 Algebra 514 



4.1 Bialgebra relations 

In this Section we consider the matrix bialgebra 514. We obtain it by applying the 
RTT relations (3.1) for the case R = Rsi,4 , when q 2 ^ 1 where: 



Rsi, 



( q \ 

10 

10 

\ q ) 



This R- matrix is given in [8]. 

The relations which follow from (3.1) and (4.1) when q 2 ^ 1 are: 



b 2 - c 2 = , 
ab = ba = , 
bd = db = , 

In terms of the generators a, b, c, d 

bc + cb = 
ab = ba = 
bd = db = 



2 n 
a — d 







ac = ca = 
cd = dc = 



ad + da 
ac = ca 
cd = dc 









(4.1) 



(4.2) 



(4.3) 
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From the above relations it is clear that the PBW basis of S14 is: 

~a k ~d l , b k c E (4.4) 

4.2 Dual algebra 

Let us denote by sl4 the unknown yet dual algebra of 514, and by A,B,C,D the 
four generators of sl4. We define the pairing (Z,f), Z = A,B,C,D, f is from 
(4.4), as (3.10). Explicitly, we obtain: 



A -O=<[jk) = {o ) = w (45a) 

'■'MS) -ft* 5=K (45b) 
6 , / \ = s m = i fe { - ?:? ( 4.5d) 



We shall need (as in [9]) the auxilliary operator E such that 

(EJ) = I' S l f = U (4.6) 
I otherwise 

Using the above we obtain: 

Proposition 2: The generators A,B,C,D introduced above obey the following 
relations: 

C = DB = —BD (4.7a) 

[A, D] = (4.7b) 

AB = M = Z) 2 ^ = B 3 = B (4.7c) 

EZ = ZE = , Z = A,B,D. (4.7d) 



6 w (i) = i®l w + l w ®i 

<5w(B) = B(g)E + E(g)B 

5 U (D) = D®K+l u ®D 

5(E) = E®E 



K = (-iy 



(4.8a) 
(4.8b) 
(4.8c) 
(4.8d) 
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e u (Z) = , Z = A,B,D (4.9a) 
eu(E) = 1 (4.9b) 

A, B 2 and D 2 are Casimir operators. The bialgebra sl4 is not a Hopf algebra. 
Proof: Using the assumed duality the algebraic relations (4.7) are shown by calcu- 
lating their pairings with the basis monomials / from (4.4). In particular, we have 
(giving only the nonzero pairings): 



DB , f j = - { BD , f j = ( C , f ) = 1 , for / = c (4.10a) 

AD,f} = (£)A,f} = k + l, for / = a k d (4.10b) 
AB , f) = (M, f) = (f) 2 B , / } = 

= ( B 3 , f ) = ( B , f ) = 1 , for / = b (4.10c) 



The facts that A, B 2 and D 2 are Casimir operators follow easily from (4.7). The 
proof of (4.8) is done as the proof of (3.13). We also use that 

A n , ~a k ~S } = k n 5 m (4.11) 

and hence: 

( K , ~a k d e } = (-l) k 5 m (4.12) 

There is no antipode for the bialgebra sl4. Indeed, suppose that there was such. 
Then by applying the Hopf algebra axiom (3.16) to the operator E we would get: 

Ei{E) = \ u 

which would lead to contradiction after multiplication from the left with Z = 
A,B,D (we would get = Z). From this follows also that the generator B does 
not have an antipode, since from (3.16) to the B we would get: 

B-f(E) +E 1 (B) = 

Thus, the bialgebra sl4 is not a Hopf algebra. 4 

Corollary 2: The algebra generated by the generator A is a sub-bialgebra of sl4. 
The algebra sl4' generated by B,D is a subalgebra of sl4, but is not a sub- 
bialgebra (cf. (4.8b,c). It has the following PBW basis: 

B, B 2 , DB, DB 2 , &, £ = 0,1,2,... (4.13) 

where we use the convention D° — \u ■ 4* 
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4.3 Regular representation 

We start with the study of the right regular representation of the subalgebra sl4'. 
For this we use the right multiplication table: 





B 


B 2 


DB 


DB 2 


D 2k 


£)2k+l 


B 


B 2 


B 


DB 2 


DB 


B 


DB 


D 


—DB 


DB 2 


—B 


B 2 


f)2k+l 


jj2k+2 



From the above table follows that there is a four-dimensional subspace spanned 
by B, B 2 , DB, DB 2 . It is reducible and decomposes into four one-dimensional rep- 
resentations spanned by: 

v ££ > = B + eB 2 — e'DB + ee'DB 2 



The action of B,D on these vectors is: 

Bv Ctf > = ev e ^ , Dv, e , = e'v, t , 



(4.14) 
(4.15) 



The value of the Casimirs B 2 ,D 2 on these vectors is 1. 

The quotient of the RRR by the above submodules has the following multiplication 
table: 





£)2k 


f)2k+l 


B 








D 


jj2k+l 


jj2k+2 



This representation is reducible. It contains an infinite set of nested submodules 
V n D V 



n+l 



n 



0, 1, where V n is spanned by D n+ , i = 0, 1, .... Correspondingly 
there is an infinite set of one-dimensional irreducible factor-modules F n = V n /V n+1 , 
(generated by D n ) which are all isomorphic to the trivial representation since the 
generators B, D act as zero on them. Thus there are five irreps arising from the 
RRR of sl4' : 

• one-dimensional trivial 

• four one-dimensional with both Casimirs B 2 ,D 2 having value 1. 

Turning to the algebra sl4 we note that it inherits the representation structure 
of its subalgebra sl4'. On the representations (4.14) the Casimir A has the value 
1. However, on the one-dimensional irreps F n the Casimir A has no fixed value. 
Thus, the list of the irreps arising from the RRR of sl4 is: 

• one-dimensional with Casimir values \i, 0, for A, B 2 , D 2 , respectively, \i G C. 



four one-dimensional with all Casimirs A, B 2 , D 2 having value 1. 
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4.4 Weight representations 

Here we study weight representations, first w.r.t. D, as in (3.26). The resulting 
representation of sl4' is three-dimensional: 

v , Bv , B 2 v . (4.16) 

It is reducible and contains one one-dimensional and one two-dimensional irrep: 

• one-dimensional 

w = (B 2 - l u )v , (4.17) 
5^0 = 0, Dw = Xw , (4.18) 

A e C. 

• two-dimensional 

{v , Vl =Bvo} (4.19) 

with A = ±1. 

Turning to the algebra sl4 we note that it inherits the representation structure 
of its subalgebra sl4'. On the one-dimensional irrep (4.17) the Casimir A has no 
fixed value since B is trivial, and [A, D] = 0. On the two-dimensional irrep (4.19) the 
Casimir A has the value 1 since AB = B. 

Thus, there are the following irreps of sl4 which are obtained as weight irreps 
of the generator D : 

• one-dimensional with Casimir values /i, 0, A 2 for A, B 2 , D 2 , respectively, //, A € 
C. 

• two two-dimensional with all Casimirs A, B 2 , D 2 having the value 1. 
Next we consider weight representations w.r.t. B : 

Bv = uv , (4.21) 

with v e C. From B 3 = B follows that v = 0, ±1. Acting with the generators we 
obtain the following representation vectors: vi = D vq . We have that Dve = vi+\. 

Further we consider first the case v 2 = 1. Then we apply the relation D 2 B = B 
to vg and we get: 

D 2 Bv e = (-l)Wh2 = Bv e = {-Vfwt 
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from which follows that we have to identify ve + 2 with ve ■ Thus the representation is 
given as follows: 

{v , Vl = Dv } (4.22) 




(4.23) 



On this irrep both Casimirs B 2 ,D 2 have value 1, [y 2 = 1). 

Further we consider the case v — 0. This representation is reducible. It con- 
tains an infinite set of nested submodules V n D V n+1 , n = 0,1,..., where V n is 
spanned by D n+£ VQ, £ = 0,1,.... Correspondingly there is an infinite set of one- 
dimensional irreducible factor-modules F n = V n /V n+1 , (generated by D n vo) which 
are all isomorphic to the trivial representation since the generators B, D act as zero 
on them. 

Turning to the algebra sl4 we note that it inherits the representation structure 
of its subalgebra sl4', with the value of the Casimir A being not fixed if B acts 
trivially, and being 1, if B acts non trivially. 

Thus, there are the following irreps of sl4 which are obtained as weight irreps 
of the generator B : 

• one-dimensional with Casimir values /i, 0, for A, B 2 , D 2 , respectively, /x G C. 

• two two-dimensional with all Casimirs A, B 2 , D 2 having the value 1. 



4.5 Representations of sl4 on S14 

Here we shall study the representations of sl4 obtained by the use of its right regular 
action (RRA) on the dual bialgebra 514. The RRA is defined as in (3.29). For the 
generators of sl4 we have: 

MA) (' § = (\ § (4.24a) 



c dj \c d / 

MB) g ») = Q «) (4.24b) 



c dj \—b a 

a b\ _ /0 s 
c d) ~ \0 0. 

n R (Z)l A = 1 A (Z,1 A ) = l A e u (Z) = <!;' Z z Ze B,D (424e) 
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For the action on the basis of 514 we use formula (3.31). We obtain: 



tt r (A) a n d k = (n + k)a n d k , tt r (A) b n c k = (n + k)b n c k (4.25a) 

tt r (B) ~a n d k = S k0 S nl b + 5 n0 5 kl c , n R (B) ~b n c k = S k0 S nl a + 5 n0 5 kl d (4.25b) 

n R (D) ~a k d l = {-l) t+ Ha k+1 d'- x + (-lYka k - 1 d e+1 (4.25c) 

n R (D) ~b k c e = (-l) e tV e+1 c?- 1 + (-l) e+1 k~b k - 1 c e+1 (4.25d) 

We see that similarly to subsection 3.5 the Casimir A acts as the length of the elements 
of 514, i.e^, (3.30) holds. Thus, also here we classify the irreps by the value /j,a of the 
Casimir A which runs over the nonnegative integers. For fixed ha the basis of the 
corresponding representations is spanned by the elements / such that £(f) = ha ■ 
The dimension of each such representation is: 

dM M = | 2( "^ +1) fOT "^ 1 (426) 

^ ' |1 for a A = V ; 



The classification goes as follows: 



• /IA = 

This is the one-dimensional trivial representation spanned by 1^ . 

• = 1 

This representation is four-dimensional spanned by the four generators a, b, c, d of 
5*14. It decomposes in two two-dimensional isomorphic to each other irreps with 
basis vectors as in (3.34) - this is due to the fact that the action (4.24b,c) is the 
same as the action (3.30). The value of the Casimirs B 2 ,D 2 is I. 

• Each representation for fixed \ia > 2 is reducible and decomposes in two 
isomorphic representations: one built on the basis d k d e , and the other built on 
the basis b c e , each of dimension /ja + 1- Thus, for fi A > 2 we shall consider 
only the representations built on the basis d k d e . These representations are also 
reducible and they all decompose in one-dimensional irreps. Further, the action 
of B is zero, thus, we speak only about the action of D. 

• /ia — 2n, n — 1, 2, ... 

For fixed n the representation decomposes into 2n + l one-dimensional irreps. 
On one of these, which is spanned by the element: 

w = ^flV n ^~ 2A; ' (4 ' 27) 



fc=0 



the generator D acts by zero. The rest of the irreps are enumerated by the 
parameters: ± , r, where r = 2,4, ...,2n = /ia, and are spanned by the 
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vectors: 

u$ = u ± tui , (4.28) 
= Y^a k ~a 2n ~ 2k d 2k , a = l, 



u 



Ui 



k=0 
n-1 



fc=0 



on which Z) acts by: 
which follows from: 



n R (D)v$ = ±ru$ (4.29) 



u \ It 2 Ui 



^WrU 1 (4 - 3o) 



Note that the value of the Casimir D 2 is equal tor 2 . The coefficients a k) f3 k de- 
pend on r and are fixed from the two recursive equations which follow from 
(4.30): 

r 2 p k = 2{n - k)a k - 2(k + l)a k+l , k = 0, n - 1; (4.31a) 
a k = (2k + l)0 k - (2n - 2k + 1)/^ , k = 0,...,n, (4.31b) 

where we set = 0, /3„ = 0. 

//a = 2n + 1, n = 1, 2, ... 

For fixed n the representation is (2n + 2)-dimensional and decomposes into 
2n + 2 irreps which are enumerated by two parameters: ± , r, where r = 
1, 3, 5, 2n + 1 = /ia , and are spanned by the vectors: 

= wo ± twi , (4.32a) 
Wo = J2a' k ~a 2n ~ 2k+1 d 2k , a' = l, 



k=0 
n 



k=0 



on which D acts by (4.29). Note that the value of the Casimir D 2 is equal to 
t 2 . The coefficients a' k ,f3' k are fixed from the two recursive equations which 
follow from (4.29): 

r 2 (3' k = (2n - 2k + l)a' k - 2{k + l)a' k+1 , k = 0,...,n; (4.33) 
a' k = (2k + l)P' k -2(n-k + l)P' k _ 1: fc = 0,..,ra, (4.34) 

where we set o4 +1 = 0, /3'_ 1 = 0. 
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To summarize the list of irreps of sl4 on 514 is: 

• one-dimensional trivial 

• two two-dimensional with all Casimirs A, B 2 , D 2 having the value 1. 

• one-dimensional enumerated by n = 1,2,... which for fixed n have Casimir 
values 2n, 0, for A, B 2 , D 2 , respectively. 

• pairs of one-dimensional irreps enumerated by n — 1, 2, r = 2, 4, 2n, which 
have Casimir values 2n, 0, r 2 for A, B 2 , D 2 , respectively. 

• pairs of one-dimensional irreps enumerated by n — 1, 2, r = 1, 3, (2n+ 1), 
which have Casimir values 2n+l,0,r 2 for A, B 2 , D 2 , respectively. 

Finally, we note in the irreps of sl4 on 514 all Casimirs can take only nonneg- 
ative integer values. 

5 Algebra SUo 

5.1 Bialgebra relations 

In this Section we consider the matrix bialgebra 5*140. We obtain it by applying the 
RTT relations (3.1) for the case R = Rsi,4 , cf. (4.1), when q 2 = 1. We shall 
consider the case q — 1 (the case q = — 1 is equivalent, cf. below). For q — 1 the 
relations following from (3.1) and (4.1) are: 

a 2 = d 2 , b 2 = c 2 = , ab = ba = ac = ca = bd = db = cd = dc = (5.1) 

or in terms of the generators d,b,c,d : 

bd = db , cd — —dc , dd = —dd , cb = —be , db = —bd , dc = cd (5.2) 

(The case q = — 1 is obtained from the above through the exchange b <-> c.) 

From the above relations it is clear that we can choose any ordering of the PBW 
basis. For definiteness we choose for the PBW basis of 5140 : 

d k b e c m d n (5.3) 

5.2 Dual algebra 

Let us denote by sl4o the unknown yet dual algebra of 5T4o, and by A, B, C, D the 
four generators of sl4o. We define the pairing (Z,f), Z = A,B,C,D, f is from 
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(5.3), as (3.10). Explicitly, we obtain: 

A, f 

B, f 
C , / 

D , / ) = : 





' k 


for f — a/ 1 


m) = 1 





otherwise 


fH 


fi 


fnr f — n^h 

1U1 J — I.I f 






otherwise 


m) = \ 




for / = a k c 




1° 


otherwise 


m) ~ < 




for / = a k d 






otherwise 



(5.4a) 
(5.4b) 
(5.4c) 
(5.4d) 



Using the above we obtain: 
Proposition 3: The generators A, B, C, D introduced above obey the following 
relations: 



[A, Z\ = , Z = B,C,D 

[B, C] = -2D , [B, D] = -2C , [C, D] = -2B 



(5.5a) 
(5.5b) 



5 U (A) = A®l u + l u ® A (5.6a) 

5 U {B) = B®l u + l u ®B (5.6b) 

S U (C) = C®K + 1 U ®C, K = (-1) A (5.6c) 

5 U (D) = D®K+l u ®D (5.6d) 

e u (Z) = 0, Z = A,B,C,D (5.7) 
<Yu(A) = -A, lu (B) = -B, lu (C) = -CK, lu {D) = -DK . (5.8) 



Proof: The proof of (5.5) goes as the standard duality between the classical U(gl(2)) 
and GL(2), cf. e.g., [13]. The proof of (5.6,5.7,5.8) is also standard, except the factor 
K which appears while calculating: 

(C,ca h ^ = (-l) k (C,h k t) = (-l) fc 

which on the other hand is equal to (supposing an unknown yet K): 

(Su(C), c ® a kX j = (C ® K + \ u ® C , c ® a k ^ = (K, a k ) 

Comparing the two RHSs we conclude that K = (— 1) A . The same follows from 
calculating (^D,dd k ^. 4 
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Corollary 3: The auxiliary generator K = (— 1) A is central and K 1 = K. Its 
co-algebra relations are: 

5u{K)=K®K, e u (K) = l, lu {K) = K * (5.9) 

Corollary 4: The algebra generated by the generator A is a Hopf subalgebra of 
slAo. The algebra slAo' generated by B, C,D is a subalgebra of slAo, but is 
not a Hopf subalgebra because of the operator K in the co-algebra structure. The 
algebras sl4o, slAo' are isomorphic to U(gl(2)), U(sl(2)), respectively. The latter 
is seen from the following: 

X ± = \{DtC) (5.10a) 
[B^X^] = ±2X ± , [X + ,X-] = B. (5.10b) 

Indeed the last line presents the standard si (2) commutation relations. However, the 
generators X ± inherit the K dependence in the coalgebra operations: 

5 W (X ± ) = X ± ®K + l u ®X 

= 

7w (X ± ) = -X ± K 
The algebra sl4o is graded: 
degX ± = ±1, degi = degi? = 0, degiT = 0) 4 (5.12) 

Based on the above Corollary we are able to make the following important ob- 
servation. The algebra sl4o may be identified with a special case of the Hopf 
algebra U VA which was found in [13] as the dual of GL Ptq (2). To make direct con- 
tact with [13] we need to replace there (p 1 / 2 ,^ 1 / 2 ) — ► (p,q), then to set q = 
and at the end to set p — — 1. (The necessity to set values in such order is clear 
from, e.g., the formula for the co-product in (5.21) of [13].) The generators from [13] 
K, p K , H, X ± correspond to A, K, B, X^ 1 in our notation. 

More than this. It turns out that the corresponding algebras in duality, namely, 
5140 and GL p>q (2) may be identified setting q,p as above. To make this evident 
we make the following change of generators: 

a = a + b, b = d — c, c = c + d, d — a — b. (5.13) 

For these generators the commutation relations are: 

bd = —db , cd = —dc , dd = dd , cb = be , bd = —db , cd = —dc (5-14) 

i.e., exactly those of GL P:q (2) (cf. [1]) for p = q = —1. Furthermore the co-product 
and and co-unit are as for GL Pjq (2) or GL{2), i.e., as in (2.1). For the antipode we 



(5.11a) 
(5.11b) 
(5.11c) 
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have to suppose that the determinant ad — p 1 bc from [1], which here becomes (cf. 
/' 1): " 

uj = ad + be , (5.15) 
is invertible, or, that w ^ and we extend the algebra by an element uj~ 1 so that: 



ujuj 1 = uj 1 uj = 1_4 , 



8 u {uj ±1 ) = a^W 1 , eui^ 1 ) = 1 , M^ ±r ) 



,±i^, ,±i 



Then the antipode is given by: 



(5.16) 



a b 
c d 



= UJ 



d b 

c a 



(5.17) 



or in a more compact notation: 



lu{M) 



M' 1 



(5.18) 



Indeed, we have: 



a b 
c d 



d b 

c a 



d b 

c a 



a b 
c d 



UJ 



1 
1 



(5.19) 



This relation between sl4o, S'14o and U VA , GL p ^ q {2) was not anticipated since 
the corresponding /^-matrices Rsi,a and Rs2,i are listed in [8] as different and 
furthermore non-equivalent. It turns out that this is indeed the case, except in the 
case we have stumbled upon. To show this we first recall: 



which for q = p 1 = — 1 becomes: 



/ 1 \ 

p 1 — pq 
q 



\ 







Ro 



(- R S2,l) q=?) -l = _ 1 



Further, we need: 



R± = (Rsia) 



q=±l 



1 / 



/ 1 \ 

0-1 
0-10 

\ o o 01/ 



/ ±1 \ 

10 

10 

\ ±1 o o o / 



(5.20) 



(5.21) 



(5.22) 
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Now we can show that R± can be transformed by "gauge transformations" to 
Ro , namely, we have: 



R Q = (U± <g> U±) R± (U± <g> U±)- 1 (5.23a) 

y + = T2 -J • u - = 75 (523b) 

In accord with this we have: 

f = ( a 51 » T = (" > * = C/ h- T ( C/ +)" 1 =► ( 5 - 24 ) 



Jc d) ' \c d, 

a = ±(a + b + c + d), b = |(a - 6 + c - d) , (5.25) 
c = |(a + 6 — c — d) , d = |(a — 5 — c + d) 

which is equivalent to substituting (2.2) in (5.13). 

The use of U- would lead to different relations between hatted and unhatted 
generators, which, however, would not affect the algebra relations. Indeed: 

f = fj , T' ee K , f = U_T'(U_)- 1 =► (5.26) 



a' = u -' 



a' - ib' + id + d') , V = U-ia' + b' + c' + id') , (5.27) 



c' = I(i a ' + 6' + c '_id') , d! = \(a! + ib' - id + d') 
But this becomes equivalent to (5.25) with the changes: 

(a! , ib , —ic' , a) i— > (a,b,c,d), (a',—ib',ic',d') i— > (a,b,c,d) (5.28) 
while the (inverse) changes (5.28) do not affect (5.14), (5.1). 



5.3 Representations of sl4o on SlAo 

The regular representation of sl4o, (sl4o') on itself and its weight representations 
are the same as those of U(gl(2)), (U(sl(2))) due to (5.10). The situation is different 
for the representations of sl4o on 5*140 since these involve the coalgebra structure. 
However, the deviation from the trivial coalgebra structure is only via the sign oper- 
ator K, and as we shall see in some representations there remains no trace of this. 

In treating the representations of sl4o on 5*140 we shall use the known construction 
for the induced representations of U Ptq on GL P)q {2) from [20] and the relation between 
sl4o, 514o and U p>q , GL p<q (2) that we established in the previous subsection. For 
the comparison with [20] we should note the parametrization used there: p = ts 1 ^ 2 , 
q = ts" 1 ! 2 . Thus, using q = p~ 1 ,p=—l we need to substitute: t — > 1, y/s i— > — 1. 
Further, one should substitute the operator h from [20] with t B ^ 2 , and expand in 
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order to get the action of B. Finally, one should substitute the operator r from [20] 

with v/s = (-1) A = K. In fact it is easier to derive the necessary formulae directly, 
which we shall proceed to do in a compact way. 

Her we shall employ both the left action and the right action. We start by calcu- 
lating the left action using: 

n L (Z)f = ( 7w (Z), / (1) > / (2) , Z E sU , Z ^ l u , feSU, (5.29a) 
= / , feSU. (5.29b) 

using for the PBW basis: 

a ] d k b l c n . (5.30) 
For the left action on the elements of SlAo we use a Corollary of (5.29): 

7r L (Z)fg = n L (5' u (Z))(f ® g) (5.31) 

where is used the opposite comultiplication 5' u = cr o 5 W , where a is the permutation 
in U <g> W . We find: 



^(■4) ( 1 a ) = -* ( % % ) (5.32a) 



( £ | ) = (-1)' ( £ I ) (5.32b) 

<**> ( ? s; ) - * ( t i ) <"*> 

«(*+) ( * £ ) = * ( <" W ) < 5 ^> 

I) = 4 U°-' ( -i)*-V's) (5 ' 32e) 

n(K)U = l, ir L (Z)U = 0, Z = A,B,C,D (5.32f) 
(We give also the action of A' though it follows from that of A.) 
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Next we calculate the right action as in (3.29) to find: 



b \ , ( a k b 



c 



MA) ( t # I - M ; # I (5.33a) 



»»C0 ( * % ) = ("D* ( $ % ) (5.33b) 
MB) I ! t ) = * f I' ~t I (. r '.33<.) 



c k d k J \ c k —d k 

, r/ // A , / f-l)*- 1 ^* -3 



MX') [ % % ) = * ( , ° ) (5.33e) 



tjiWU = 1, = 0, Z = A, J B,C, J D (5.33f) 

By (5.29) and (5.33) we have defined left and right action of sl4o on 5*140. As 
in the classical case the left and right actions commute, and we shall use the right 
action to reduce the left regular representation. Following [21] we would like the right 
action to mimic some properties of a lowest weight module, i.e., annihilation by the 
lowering (negative grade) generator X~ and scalar action by the (exponent of the) 
Cartan (zero grade) generators A (or K) and B. Such action is the reason we call 
these representations induced. We start with functions which are formal power series 
in the PBW basis: 

/ = E HkAma j d k b i c m (5.34) 

j,k,£,m S Z+ 

The right-action conditions we mentioned are: 

n R (X-) f = (5.35a) 
n R (A)f = pf, n R (B)f=-uf (5.35b) 

From (5.35a) follows that our functions would not depend on a and c, except 
through the determinant u, since n R (X~) uo = 0. We also have: 

ir R {A) u n = 2nu n , n R (K) u n = u n , ir R (B) co n = 0, 7r i? (X ± ) uj n = . (5.36) 

Thus, we continue with: 

/ = J2 ^,ed k b e u n (5.37) 

k,£ ,ngZ_|_ 
ngZ 

on which conditions (5.35b) lead to: k+£+2n = p G Z , k + £ = v G Z + , p — z/ G 2Z , 
and the summation becomes single: 

/= u, , ^ = VcT-'uW 2 (5.38) 



27 



(where we changed the ordering since this would give simpler formulae for the action). 
Now if neither b or d has an inverse the representations will be finite-dimensional, in 
contrast to the classical case. However, these finite-dimensional representations we 
shall obtain also if we suppose that either b or d has an inverse (see below), and in 
the same time we shall have infinite-dimensional representations. Thus, further we 
shall suppose that d has an inverse. This means that we can allow k in (5.38) to 
take any integer values, and then the same is true for v. 

Now we shall work out the representation (left) action for the basis ug for which 
we need first the left action on uj : 

n L (A) u n = -2nuj n , ir L (K) uj n = uj n , ir L (B) u n = 0, tt l (X ± ) uj n = . (5.39) 

We also remark that the action on d k ,uj n for negative k,n is given again by (5.32), 
(5.39). (This can be checked, e.g., by calculating n L (Z) d~ k d k = ttl(Z) 1 a in two 
different ways: (5.31) for the LHS, and (5.32) for the RHS.) Then the rules are: 



■k VjP {A)u 1 = -pu e (5.40a) 

7t u , p (B)u e = (y-2f)u t (5.40b) 

ir ViP (X + )u t = {-If-Hut^ (5.40c) 

ir ViP (X-)u t = (-l) t+1 (e-v)u e+1 (5.40d) 



where 7r„ )P denotes tt l with the parameter dependence made explicit. 

Thus, we have obtained infinite-dimensional representations of sl4o parametrized 
by two integers is, p. We shall denote by C VtP the corresponding representation space. 
Note that these representations are highest weight representations since we have: 
71l(X + )u = 0. If the parameter v is nonnegative, v G Z + , then the corresponding 
representation is reducible, due to the fact that tt l (X~)u u = 0. Thus, the vectors 
uo , u v form an invariant subspace, of dimension v+ 1, which shall denote by £ VjP , 
v G Z + . Thus, if v G Z + we have two irreducible representations with representation 
spaces isomorphic to £ VjP and to C^ p /£^ p (the latter is infinite-dimensional). If 
v ^ Z + the representation C U:P is irreducible. 

From the above we are prompted to use the variable r\ = bd^ 1 . This is also 
related to the following Gauss decomposition of 5*140 : 

fa b\ fl bd- 1 \fujt 1 0\/ 1 0\ 

[c d) = [o 1 ){ d){d-ic 1 J (5 ' 41) 

i.e., from here the natural variables are 77, d, uj. Thus, we use also the functions: 

<p = J2 a e v e> vt^ri'dTuW 2 (5.42) 

The action of the generators on the variable 77 is: 

{t X± ) ^ = ( -2£ rf i^V 1 ) (5 ' 43) 
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and the action on the basis is as for ue except for X ± : 

7v u , p (X + )v e = tvt-x (5.44a) 
7r„jX-)v e = (u-£)v e+1 (5.44b) 

Thus, in this basis there is no trace of the non-triviality of the co-product of X ± . 
More than this we can reduce the representations directly to the classical U (gl(2)) if 
we introduce the restricted functions (p(rj) by the operators: 

A V , P ■ C v , p — ► C VtP , ip(rj) = {A v , p tp)(rj) = ip(rj, 1 A ,1 A ) (5.45) 

We denote the representation space of (p{rj) by C^ p and the representation acting in 
C V , P by 7t UjP . The properties of C u>p follow from the intertwining requirements [21]: 

%u,p K, P = A VjP o ir^p , ir u , p o A'l = A'l o n VtP (5.46) 

In particular, the representation action of rr U)P on rf is given by the same formulae 
as the action of t\ v ^ p on ve ■ 

At this moment, we should note that since we have functions of one variable 77 
we can treat it as complex variable z. In these terms we recover from the action of 
rr UtP the classical vector-field representation of gl{2) (with d z = d/dz) : 

A<f — —p<p, B ip — (u — 2zd z ) ip , X + ip — d z ip , X~ = (vz — z 2 d z ) <p 

(5.47) 

Of course, the importance of the non-trivial co-product for X ± will be felt in 
the construction of the tensor products of the representations. 



6 Conclusions and outlook 

In this paper we have found the exotic matrix bialgebras which correspond to the two 
non-triangular nonsingular 4x4 R- matrices of [8], namely, Rso,3 and Rsi,4 which 
are not deformations of the trivial i?-matrix. We study three bialgebras denoted 
by: 503, 514, 5140, the latter two cases corresponding to Rsi,a for deformation 
parameter q 2 7^ 1 and q 2 = 1, respectively. We have found the corresponding dual 
bialgebras s03, sl4, sl4o, and studied their representation theory. 

For the bialgebras s03 and sl4 we have studied the regular representation 
(the algebra acting on itself), the weight representations, and the representations in 
which the algebra acts on the dual matrix bialgebra. The representation theory is 
degenerate: the irreps are finite-dimensional of maximal dimension 4 and 2 for s03 
and sl4, respectively. For future use we shall say that the bialgebras s03, 503 and 
sl4, 514 are exotic (adding to the list of exotic bialgebras termed so in [9]). 
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The algebras sl4o, S14o turned out to be Hopf algebras and to be special cases 
of the two-parameter deformations U p>q , GL PA {2), namely, they would be obtained 
from the latter by setting q = p^ 1 and then p = — 1. This was not anticipated since 
the corresponding i?-matrices were different and seemingly nonequivalent cases of the 
classification of [8]. Thus, this became a case study important methodologically, and 
so we have made the exposition according to the way we proceeded. In fact, the 
algebra sl4o is equivalent even to U(gl(2)), and the only nontriviality is in the 
Hopf algebra structure. Thus, the regular and weight representations are as those of 
U(gl(2)). The induced representations of sl4o on 5*140 could also be extracted from 
the equivalence with the two-parameter p, q deformations but their consideration is 
also important methodologically. 

To conclude, we should stress that with this paper we finalize the explicit clas- 
sification of the matrix bialgebras generated by four elements. There are altogether 
nine such bialgebras, four of which are quantum groups and are deformations of the 
classical algebras of functions on GL{2) and GL(1|1) (two in each case), and the other 
five bialgebras, which we call exotic, are not such deformations. 

Further, we would like to study the spectral decomposition and Baxterisation of 
these exotic algebras and associated noncommutative geometries, cf. [22]. 
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